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The early Universe after inflation may have oscillations, kinations (nonoscillatory evolution of a
field), topological defects, relativistic and non-relativistic particles at the same time. The Universe
whose energy density is a sum of those components can be called the multi-component Universe.
The components, which may have distinguishable density scalings, may decay modulated. In this
paper we study generation of the curvature perturbations caused by the modulated decay in the
multi-component Universe.
PACS numbers: 98.80Cq
I. INTRODUCTION
Our focus in this paper is a late-time creation of
the curvature perturbation ζ(k), which has cosmologi-
cal scales beyond the horizon when it is created. The
creation is possible when a mechanism works to convert
existing isocurvature perturbation of that scale into the
curvature perturbation. To find the creation of the cur-
vature perturbation, we consider a modulation of decay
rate Γ, which is modulated because of the isocurvature
perturbation of a moduli. Generation of the cosmological
perturbations begins presumably during inflation, when
the vacuum fluctuations of light bosonic fields are con-
verted to a classical perturbation, which gives the seed
perturbation (i.e. the isocurvature perturbation) that is
needed for the mechanism [1]. Within this general frame-
work, one can find many proposals [1–14].
First recall the δN formalism used to calculate ζ. To
define the curvature perturbation ζ, the energy density
ρ is smoothed on a super-horizon scale shorter than any
scale of interest. One expects this “separate Universe
hypothesis” [2] to be valid for the calculation, so that one
can ensure the maximum regime of applicability of the
calculation. Then the local energy continuity equation is
given by
∂ρ(x, t)
∂t
= −
3
a(x, t)
∂a(x, t)
∂t
(ρ(x, t) + p(x, t)) , (1)
where t is time along a comoving thread of spacetime
and a(t) is the local scale factor. During nearly exponen-
tial inflation, the vacuum fluctuation of each light scalar
field φi is converted at horizon exit to a nearly Gaussian
classical perturbation with spectrum (H/2π)2, where the
Hubble parameter is H ≡ a˙(t)/a(t). Writing the curva-
ture perturbation
ζ = δ[ln(a(x, t)/a(t1)] ≡ δN, (2)
and taking t∗ to be an epoch during inflation af-
ter relevant scales leave the horizon, we assume
N(φ1(x, t∗), φ2(x, t∗), · · · , t, t∗) so that
ζ(x, t) = Niδφi(x, t∗) +
1
2
Nijδφi(x, t∗)δφj(x, t∗) + · · · ,
(3)
where a subscript i denotes ∂/∂φi evaluated on the un-
perturbed trajectory. The δN -formalism can be applied
both during and after inflation.
We consider a density component ρσ which has a mod-
ulated decay rate Γ(ϕ). Before the decay, ρσ is not a
radiation. Since we are considering the multi-component
Universe, there could be a radiation background (ρr) at
the same time. We are not avoiding the case in which
ρσ decays when ρr is significant.
1 Here Γ(ϕ) and ρσ de-
note the decay rate and the energy density of the compo-
nent σ; and Γ(ϕ) is a function of a moduli ϕ that causes
“modulation”. Because of the separate Universe hypoth-
esis, the inhomogeneity is smoothed on a super-horizon
scale shorter than any scale of interest. We also assume
instant decay for the calculation [10]. See Fig.1 for the
basic set-ups of the modulated reheating scenario and
Fig.2 for the δN calculation in the separate Universe.
The source of the modulation is the moduli pertur-
bation of an additional light field ϕ, whose potential is
assumed to be negligible at the time of the decay. The
“seed” perturbation δϕ is generated during the primor-
dial inflation. At the horizon exit, we consider Gaussian
perturbation δϕ∗ ≡ ϕ∗ − ϕ¯∗. At the decay, we intro-
duce the function ϕ = g(ϕ∗) and the expansion about
the Gaussian perturbation δϕ ≡ g′δϕ∗ (or equivalently
1 The original scenario of the modulated reheating [10] assumes
that radiation is negligible before the decay, since the “reheating”
in the original scenario is mostly related to the inflaton decay.
2FIG. 1: Modulation at the transition causes density perturba-
tions when the decaying component changes its density scal-
ing. The straight line shows the instant-decay approximation.
δϕ∗ = δϕ/g
′). The function g explains evolution after
the horizon exit [17].2
In our scenario, the first reheating (i.e. the inflaton
decay) occurs before the component ρσ decays into radia-
tion.3 The decay of ρσ may cause secondary “reheating”
if it is dominating the total density at the time of the
decay; the secondary reheating should be discriminated
from the first reheating. In our scenario, “secondary re-
heating” is possible if ρσ > ρr at the time when ρσ de-
cays. Here ρr is the radiation remnant of the first reheat-
ing, which may decrease faster than ρσ. Therefore, “nor-
mal modulated reheating” occurs when ρσ/(ρσ+ρr) = 1,
while 0.5 < ρσ/(ρσ + ρr) < 1 gives “near-normal modu-
lated reheating”. Finally, ρσ/(ρσ + ρr) ≤ 0.5 is a modu-
lated decay, which may not be called “reheating”. In any
case, “reheating” due to ρσ must be distinguished from
the conventional reheating.
For the first example, we consider the simplest two-
component Universe, in which there are ρσ ∝ a
−3 (mat-
ter) and ρr ∝ a
−4 (radiation) before the decay. The
model is similar to the typical curvaton model, although
we are considering the opposite limit in which the curva-
ton mechanism is less significant than the modulation.
Later in this paper we are going to extend our analytic
calculation to the components that may “not” scale like
matter [14–16]; typical examples are the cosmological de-
fects or the oscillatory (could be caused by non-quadratic
potentials)/ nonoscillatory evolutions [15].
2 In our scenario, the evolution of the moduli does not change the
result after the modulated decay. On the other hand, the late-
time evolution of ϕ (moduli) can be referred to as the famous
“moduli problem”. We did not consider a specific scenario for
the moduli problem, since the moduli problem is not the target
of this paper and the topic should be separated from the current
investigation.
3 Our calculation may generically depend on δρσ , which can cause
the curvaton mechanism. Although we are calculating the modu-
lation when the curvaton mechanism is negligible, our formalism
is carefully prepared so that the mixed perturbations can be cal-
culated within the formalism. See the appendix for more details.
FIG. 2: In the left picture we show the densities and their
scalings in the modulated Universe. The right picture shows
the unmodulated (reference) Universe in which the decay oc-
curs at H = Γ0. In those pictures we are considering
perturbations whose length scales are far beyond the
horizon size at the time of the decay. Due to the
separate Universe hypothesis, the inhomogeneity of
Γ is not explicit in those pictures. Note that in the right
picture ρσ,Γ, 6m is the radiation created by the decay of ρσ.
Because of the different ρσ-scalings after Γ0, one will find δN
(δN ≡ Nm−N6m) and the difference in the densities at H = Γ
(ρi,Γ,m 6= ρi,Γ, 6m).
II. MODULATED DECAY IN THE SIMPLE
MULTI-COMPONENT UNIVERSE
First we consider the simplest (matter + radiation)
multi-component Universe. In the curvaton mecha-
nism [6] the significant contribution comes from the evo-
lution before the decay; while the modulated decay [10]
describes the generation of the curvature perturbations
at the decay [11, 12]. In the curvaton mechanism, the
source of the perturbation is δσ (δρσ), while the modu-
lated decay uses δϕ (δΓ).
For our analytic calculation, we consider instant-decay
approximation [10]. However, the actual transition could
be more complicated depending on the details of the
model parameters. For the modulated reheating sce-
nario, the idea of the continual decay has been considered
by many authors [18, 19].
In our model, the uniform density hypersurface that is
defined at the decay is given by
ρσ,Γ + ρr,Γ ≡ 3M
2
pΓ
2, (4)
where the instant decay occurs at H = Γ. More specifi-
cally, in the modulated Universe (see the left picture in
Fig.2) we have
ρσ,Γ,m + ρr,Γ,m ≡ 3M
2
pΓ
2, (5)
and in the reference Universe (see the right picture in
Fig.2) the decay occurs atH = Γ0 and we have atH = Γ;
ρσ,Γ, 6m + ρr,Γ, 6m ≡ 3M
2
pΓ
2, (6)
where ρσ,Γ, 6m denotes the radiation created by ρσ. In
both (modulated and unmodulated) Universe, we define
3the uniform density hypersurface at H = Γ0 as
ρσ,0 + ρr,0 ≡ 3M
2
pΓ
2
0. (7)
Without loss of generality, one may choose Γ < Γ0 for
the calculation.
Using the density scalings, we find in the modulated
Universe
ρσ,Γ,m = ρσ,0
(
aΓ,m
aΓ0
)−3
ρr,Γ,m = ρr,0
(
aΓ,m
aΓ0
)−4
, (8)
which lead to
ρσ,0
(
aΓ,m
aΓ0
)−3
+ ρr,0
(
aΓ,m
aΓ0
)−4
ρσ,0 + ρr,0
=
Γ2
Γ20
. (9)
Defining “Nm” in the modulated Universe as
Nm ≡
∫ tΓ
tΓ0
H(t)dt, (10)
where the subscripts Γ and Γ0 denote the hypersurfaces
H = Γ and H = Γ0, one can rewrite Eq.(9) as
fσe
−3Nm + (1− fσ)e
−4Nm =
Γ2
Γ20
, (11)
where the coefficient is defined by
fσ ≡
ρσ,0
ρσ,0 + ρr,0
. (12)
In order to compare Nm with the unmodulated Uni-
verse, we find a similar equation in the unmodulated Uni-
verse,
fσe
−4N 6m + (1− fσ)e
−4N 6m =
Γ2
Γ20
. (13)
If one needs to understand the relation between the
modulated decay and the curvaton mechanism, the cur-
vaton density perturbation δρσ must be included at
H = Γ0. Here we consider non-linear formalism of
Ref.[20, 21].4 We find that the component perturbations
are defined as
ζσ = δNini +
1
3
∫ ρσ,0
ρ¯σ,0
dρ˜σ
ρ˜σ
(14)
ζr = δNini +
1
4
∫ ρr,0
ρ¯r,0
dρ˜r
ρ˜r
, (15)
4 A more straight definition of the curvaton/modulation in the
light of the δN formalism can be found in Ref.[22].
where ρσ,0 and ρr,0 are defined at H = Γ0, and ρ¯i de-
notes their mean value. ρ˜i does not define a new quan-
tity, but is just introduced to define the integral. Here
δNini denotes the curvature perturbation before the cur-
vaton mechanism, which is usually neglected in the con-
ventional curvaton calculation. Finally, the non-linear
formalism gives
ρσ,0 = ρ¯σ,0e
3(ζσ−δNini) (16)
ρr,0 = ρ¯σ,0e
4(ζr−δNini), (17)
which leads to
fσ =
ρ¯σ,0e
3(ζσ−δNini)
ρ¯σ,0e3(ζσ−δNini) + ρ¯r,0e4(ζr−δNini)
=
ρ¯σ,0e
3(ζσ−δNini)
3M2pΓ
2
0
. (18)
Using the above equation, we find from Eq.(11) and (13);
f¯σe
3(ζσ−δNini−Nm) + (1 − f¯σ)e
4(ζr−δNini−Nm) =
Γ2
Γ20
f¯σe
3(ζσ−δNini)−4N 6m + (1 − f¯σ)e
4(ζr−δNini−N 6m) =
Γ2
Γ20
,
(19)
where the coefficient is defined by
f¯σ ≡
ρ¯σ,0
3M2pΓ
2
0
. (20)
A. First order
If a function G is perturbed, one can expand
G = G¯+
∞∑
k=1
1
k!
δG(k). (21)
Therefore, from Eq.(19), we find at first order
2
δΓ
(1)
m
Γ0
= 3f¯σ(ζ
(1)
σ − δN
(1)
ini −N
(1)
m )
+4(1− f¯σ)(ζ
(1)
r − δN
(1)
ini −N
(1)
m ) (22)
−9f¯σN
(0)
m (ζ
(1)
σ − δN
(1)
ini )
−16(1− f¯σ)N
(0)
m (ζ
(1)
r − δN
(1)
ini ) (23)
2
δΓ
(1)
6m
Γ0
= f¯σ(3ζ
(1)
σ − 3δN
(1)
ini − 4N
(1)
6m )
+4(1− f¯σ)(ζ
(1)
r − δN
(1)
ini −N
(1)
6m )
−12f¯σN
(0)
6m (ζ
(1)
σ − δN
(1)
ini )
−16(1− f¯σ)N
(0)
6m (ζ
(1)
r − δN
(1)
ini ), (24)
4where the curvaton mechanism5 between H = Γ0 and
H = Γ vanishes at this order, because we have a trivial
relation N
(0)
m = N
(0)
6m = 0.
Solving the above equations, we find
N (1)m = −pσ
δΓ
(1)
m
Γ0
+ rσ(ζ
(1)
σ − δN
(1)
ini )
+(1− rσ)(ζ
(1)
r − δN
(1)
ini ) (25)
N
(1)
6m = −
1
2
δΓ
(1)
6m
Γ0
+
3
4
f¯σ(ζ
(1)
σ − δN
(1)
ini )
+(1− f¯σ)(ζ
(1)
r − δN
(1)
ini ), (26)
where the coefficients are defined by
pσ ≡
2(ρ¯σ,0 + ρ¯r,0)
3ρ¯σ,0 + 4ρ¯r,0
rσ ≡
3ρ¯σ,0
3ρ¯σ,0 + 4ρ¯r,0
. (27)
Using the above equations, we find the relation
pσ −
1
2
=
1
6
rσ. (28)
We have to calculateN 6m since δN measures the deviation
from the reference Universe. Therefore, the curvature
perturbation created by the modulation (δN (1) ≡ N
(1)
m −
N
(1)
6m ) is calculated as
δN (1) =
(
−pσ
δΓ
(1)
m
Γ0
+
1
2
δΓ
(1)
6m
Γ0
)
, (29)
where other terms cancel by definition.6
5 See also the appendix to understand the definition of “curvaton
mechanism” used above.
6 From Eq.(27), we find
rσ −
3
4
fσ =
3ρ¯σ,0
3ρ¯σ,0 + 4ρ¯r,0
−
3
4
ρ¯σ,0
ρ¯σ,0 + ρ¯r,0
=
3
4
ρ¯σ,0 ×
[
ρ¯σ,0
(3ρ¯σ,0 + 4ρ¯r,0)(ρ¯σ,0 + ρ¯r,0)
]
, (30)
fσ − rσ =
ρ¯σ,0
ρ¯σ,0 + ρ¯r,0
−
3ρ¯σ,0
3ρ¯σ,0 + 4ρ¯r,0
= ρ¯r,0 ×
[
ρ¯σ,0
(3ρ¯σ,0 + 4ρ¯r,0)(ρ¯σ,0 + ρ¯r,0)
]
. (31)
Therefore we have the relation
rσ −
3
4
fσ = (fσ − rσ)×
3
4
ρ¯σ,0
ρ¯r,0
(32)
From Eq.(14) and (15), we find
ζσ − δNini =
1
3
∫ ρσ,0
ρ¯σ,0
dρ˜σ
ρ˜σ
(33)
ζr − δNini =
1
4
∫ ρr,0
ρ¯r,0
dρ˜r
ρ˜r
, (34)
Now we consider the perturbation of Γ with respect to
the modulation. Expanding ϕd ≡ g(ϕ∗), which defines ϕ
at the decay, we find [23]
ϕd = g¯ + δϕ. (38)
where δϕ ≡ g′δϕ∗. In that way the first order perturba-
tion of the decay rate is calculated as
δΓ(1) =
[
∂Γ
∂g
]
g=g¯
δϕ. (39)
In the practical calculation δΓm and δΓ 6m are identical.
We thus find
δN (1) =
(
−pσ +
1
2
)
δΓ(1)
Γ0
, (40)
where δΓ(1) ≡ δΓ
(1)
m = δΓ
(1)
6m . In the single-component
limit (pσ = 2/3), we find
δN (1) = −
1
6
δΓ(1)
Γ0
= −
1
6
Γ′
Γ0
δϕ, (41)
which reproduces the calculation in Ref.[10].
It is obvious that g is trivial in the slow-roll limit; how-
ever for more practical estimation one might have to cal-
culate the function g, which can depend on the details of
the model and the cosmological evolutions.
B. Second order
Generically, one can expand
ϕ = ϕ¯+
∞∑
k=1
1
k!
δϕ(k), (42)
which give (at first order)
ζ
(1)
σ − δN
(1)
ini =
1
3
δρσ
ρ¯σ
(35)
ζ
(1)
r − δN
(1)
ini =
1
4
δρr
ρ¯r
. (36)
Therefore, we find that the terms
(
rσ −
3
4
fσ
)
(ζσ −Nini) and
(fσ − rσ) (ζr −Nini) cancels because of the relation(
rσ −
3
4
fσ
)
(ζσ −Nini) =
[
(fσ − rσ)×
3
4
ρ¯σ,0
ρ¯r,0
]
×
[
1
3
δρσ
ρ¯σ
]
= [(fσ − rσ)]×
[
1
4
δρσ
ρ¯r
]
= − (fσ − rσ) (ζr −Nini) . (37)
Here the last line is obtained using δρσ + δρr = δρtot ≡ 0.
5where δϕ(1) is a Gaussian random field. In the same way,
the primordial perturbation can be expanded as
ζ = ζ(1) +
∞∑
k=2
1
k!
ζ(k), (43)
where ζ(1) is Gaussian. Non-linearity parameters are de-
fined for the adiabatic perturbation ζ;
ζ = ζ(1) +
3
5
fNL(ζ
(1))2 +
9
25
gNL(ζ
(1))3 + .... (44)
Using the Gaussian quantum fluctuations at the hori-
zon exit (δϕ∗), we can write [23]
ϕ∗ = ϕ¯∗ + δϕ∗, (45)
which is exact by definition. Again, we write
ϕd ≡ g(ϕ∗) (46)
and expand it as [23]
ϕini = g¯ +
∞∑
k=1
1
k!
g(k)
(
g¯
g′
δϕ
ϕ¯
)k
, (47)
where we wrote g(k) ≡ ∂kg/∂ϕk∗.
1. Decay rates
Before discussing non-Gaussianity of the second order
perturbations, we consider the expansion of the decay
rate for some specific examples.
• Our first example is
Γ(ϕ) = Γ¯
(
1 +
1
2
ϕ2
M2∗
)
. (48)
Then, one can expand
Γ(ϕd)
Γ¯
= 1 +
1
2
[
g¯ +
∑∞
k=1
1
k!g
(k)
(
g¯
g′
δϕ
ϕ¯
)k]2
M2∗
. (49)
We thus find for the expansion Γ = Γ0 + δΓ
(1) +
1
2Γ
(2) + ... with the approximation Γ¯ ≃ Γ0;
δΓ(1)
Γ0
≡
g¯
M2∗
δϕ (50)
δΓ(2)
Γ0
≡
1
M2∗
[
1 +
g′′g¯
(g′)2
]
(δϕ)2
=
M2∗
g¯2
[
1 +
g′′g¯
(g′)2
](
δΓ(1)
Γ0
)2
. (51)
An interesting case would be g <∼ M∗, where the
initial condition is comparable but less than the
cut-off scale. In that case one can find significant
fNL in the conceivable range. Moreover, it is pos-
sible to find negative contribution from
Γ(ϕ) = Γ¯
(
1−
1
2
ϕ2
M2∗
)
. (52)
The flip of the sign is very important.
• Second, we consider Γ ∝ ϕn. The specific form
becomes
Γ(ϕ) =
λ(n)
n
ϕn
Mn−1∗
. (53)
Then, Γ can be expanded as
δΓ(1)
Γ0
=
[
n
δϕ
g¯
]
(54)
δΓ(2)
Γ0
=
1
2
[
(n− 1) +
g¯g′′
(g′)2
](
δΓ(1)
Γ0
)2
. (55)
Let us summarize the results. Defining
δΓ(2)
Γ0
= A
(
δΓ(1)
Γ0
)2
, (56)
we find
A = ±
M2∗
g¯2
[
1 +
g′′g¯
(g′)2
]
for Γ(ϕ) = Γ∗
(
1±
1
2
ϕ2
M2∗
)
, (57)
and
A =
1
2
[
(n− 1) +
g¯g′′
(g′)2
]
for Γ(ϕ) =
λ(n)
n
ϕn
Mn−1∗
, (58)
where “A” is determined by Γ(ϕ) and g.
The above results are considered when we estimate the
non-Gaussianity parameter fNL.
2. fNL
In order to extract the contributions from the modu-
lation, we are going to assume ζσ ≃ ζr ≃ 0. We also
assume δNini ≃ 0 for simplicity.
Then, one can easily expand Eq.(19) to find the second
order perturbations. The expansions used here are
eaN = 1 + a(N (1) +
1
2
N (2) + ...)
+
a2
2
(N (1) +
1
2
N (2) + ...)2 + ..., (59)
6and
(
Γ
Γ0
)2
=
(
Γ0 + δΓ
(1) + 12δΓ
(2) + ...
Γ0
)2
. (60)
We find for the second order perturbations
N (2)m = pσ
[(
8−
7
2
f¯σ
)(
N (1)m
)2
−
(
δΓ(1)
)2
+ Γ0δΓ
(2)
Γ20
]
N
(2)
6m =
1
2
[
8
(
N
(1)
6m
)2
−
(
δΓ(1)
)2
+ Γ0δΓ
(2)
Γ20
]
. (61)
Using the relations between the first order perturbations;
N (1)m = −pσ
δΓ(1)
Γ0
= −
2pσ
1− 2pσ
δN (1) (62)
N
(1)
6m = −
1
2
δΓ(1)
Γ0
= −
1
1− 2pσ
δN (1), (63)
and the definition (56), we find
N (2)m =
[
p3σ(32− 14f¯σ)
(1− 2pσ)2
−
4pσ(1 +A)
(1− 2pσ)2
](
δN (1)
)2
N
(2)
6m =
[
4
(1− 2pσ)2
−
2(1 +A)
(1− 2pσ)2
](
δN (1)
)2
.
(64)
We thus find
fNL =
5
3
[
p3σ(16− 7f¯σ)− 2pσ − 1
(1− 2pσ)2
]
+
5A
3
1
1− 2pσ
, (65)
where the last term depends on A. In the single-
component limit (f¯σ → 1 and pσ → 2/3), we find a
simple formula
fNL = 5− 5A. (66)
Note that the A-independent contribution fNL = 5 in the
“normal reheating limit” is showing an interesting result.
Note also that Γ ∝ ϕ3 gives A ∼ 1 when g is trivial and
it lead to the cancellation (fNL ≃ 0).
In the opposite limit, f¯σ → 0 leads to pσ → 1/2. In
that limit we find
fNL ∝
1
(1− 2pσ)2
≫ 1. (67)
III. HIGHER POTENTIAL OR TOPOLOGICAL
DEFECTS
For the scalar potential of the form V (σ) ∝ σn, the
energy density of the scalar-field oscillations decreases as
ρσ ∝ a
−6n
n+2 when the oscillations are rapid compared with
the expansion rate [24]. Alternatively, one may choose
topological defects for the decaying component, which
may scale like ρσ ∝ a
k. NO (Non Oscillatory) motion can
lead to a different density scaling [15]. Here the scaling
is approximately defined at the time of the decay; there
is no need to find exact scale-dependence that is valid
during the whole evolution. This point might be crucial
for the practical investigation.
For our purpose, we consider the component that scales
like ρσ ∝ a
−(4+ǫn). Here ǫn = −1 corresponds to the
sinusoidal oscillation for the quadratic potential, whose
energy density scales like ρσ ∝ a
−3. Note that ǫn ≥ 0
is not excluded in our calculation; we will show that this
may change the sign of fNL.
In order to include the isocurvature perturbation at
H = Γ0, we consider the component perturbations de-
fined by
ζσ = δNini +
1
4 + ǫn
∫ ρσ,0
ρ¯σ,0
dρ˜σ
ρ˜σ
(68)
ζr = δNini +
1
4
∫ ρr,0
ρ¯r,0
dρ˜r
ρ˜r
. (69)
Then we find
f¯σe
(4+ǫn)(ζσ−δNini−Nm) + (1− f¯σ)e
4(ζr−δNini−Nm) =
Γ2
Γ20
f¯σe
(4+ǫn)(ζσ−δNini)−4N 6m + (1− f¯σ)e
4(ζr−δNini−N 6m) =
Γ2
Γ20
.
(70)
For our calculation, we will neglect ζσ, ζr and δNini.
A. First order
From Eq.(70), we find at first order
2
δΓ
(1)
m
Γ0
= −(4 + ǫn)f¯σN
(1)
m − 4(1− f¯σ)N
(1)
m (71)
2
δΓ
(1)
6m
Γ0
= −4f¯σN
(1)
6m − 4(1− f¯σ)N
(1)
6m . (72)
Solving the above equations, we find
N (1)m = −pσ,n
δΓ
(1)
m
Γ0
(73)
N
(1)
6m = −
1
2
δΓ
(1)
6m
Γ0
(74)
7where the coefficient is defined by
pσ,n ≡
2(ρ¯σ,0 + ρ¯r,0)
(4 + ǫn)ρ¯σ,0 + 4ρ¯r,0
. (75)
Therefore, the curvature perturbation created by the
modulation is given by
δN (1) ≡ N (1)m −N
(1)
6m
=
(
−pσ,n +
1
2
)
δΓ(1)
Γ0
. (76)
Obviously, generation of the curvature perturbation is
possible when ǫn 6= 0 (i.e. when two components (ρσ and
ρr) are distinguishable in their scaling relations).
B. fNL
Again, we find for the second order perturbations
N (2)m = pσ,n
(
(4 + ǫn)
2f¯σ
2
+ 8(1− f¯σ)
)(
N (1)m
)2
−pσ,n
(
δΓ(1)
)2
+ Γ0δΓ
(2)
Γ20
N
(2)
6m =
1
2
[
8
(
N
(1)
6m
)2
−
(
δΓ(1)
)2
+ Γ0δΓ
(2)
Γ20
]
. (77)
Using the relations
N (1)m = −pσ,n
δΓ(1)
Γ0
= −
2pσ,n
1− 2pσ,n
δN (1) (78)
N
(1)
6m = −
1
2
δΓ(1)
Γ0
= −
1
1− 2pσ,n
δN (1), (79)
and the definition (56), we find
N (2)m =
[{
2(4 + ǫn)
2f¯σ + 32(1− f¯σ)
} p3σ,n
(1 − 2pσ,n)2
−
4pσ,n(1 +A)
(1− 2pσ,n)2
](
δN (1)
)2
N
(2)
6m =
[
4
(1− 2pσ,n)2
−
2(1 +A)
(1 − 2pσ,n)2
] (
δN (1)
)2
.
(80)
We thus find
fNL =
5
3
[
p3σ(4 + ǫn)
2f¯σ + 16p
3
σ(1− f¯σ)− 2pσ − 1
(1− 2pσ)2
]
+
5A
3
1
1− 2pσ
, (81)
where the last term gives the A-dependent contribution.
The single-component limit is given by f¯σ → 1 and
pσ → 2/(4 + ǫn), where one may find significant non-
Gaussianity;
fNL = −
5(4 + ǫn)
3ǫn
− 5A, (82)
which shows that the sign of the first term (A-
independent contribution) is determined by ǫn. We find
positive sign for ǫn < 0, while it goes negative when
ǫn > 0. Interestingly, neither Γ(ϕ) nor g(ϕ) are respon-
sible for the first term fNL ∝ −1/ǫn, which may become
large even though ρσ is dominating the Universe.
In the opposite limit, f¯σ → 0 and pσ → 1/2, we find
fNL ∝
1
(1− 2pσ)2
≫ 1, (83)
as expected.
IV. PARTIAL DECAY
More practically, there could be a moment when a frac-
tion of the matter component decays modulated and the
decaying component does not have significant interaction
with the remaining (matter) components. This could be
realized when the non-relativistic matter contains parti-
cles that belong to the hidden sector.
For the multi-component Universe that contains both
matter (ρσ and ρ∆) and radiation (ρr), the uniform den-
sity hypersurfaces defined for the partial decay is given
by
ρσ,Γ + ρ∆,Γ + ρr,Γ ≡ 3M
2
pΓ
2, (84)
where ρσ,Γ, ρ∆,Γ and ρr,Γ are the energy densities of the
components at H = Γ (Γ is the decay rate of the compo-
nent ρ∆).
Ignoring component perturbations (ζi ≃ 0) and the
initial perturbation (δNini ≃ 0), we find
f¯σe
−3Nm + f¯∆e
−3Nm + (1− fσ − f¯∆)e
−4Nm =
Γ2
Γ20
f¯σe
−3N 6m + f¯∆e
−4N 6m + (1− fσ − f¯∆)e
−4Nm =
Γ2
Γ20
,
(85)
where the coefficients are defined by
f¯σ ≡
ρ¯σ,0
ρ¯σ,0 + ρ¯∆,0 + ρ¯r,0
(86)
f¯∆ ≡
ρ¯∆,0
ρ¯σ,0 + ρ¯∆,0 + ρ¯r,0
. (87)
As before, the subscript “0” is used to define the quanti-
ties at H = Γ0.
8A. First order
We find at first order
2
δΓ(1)
Γ0
= −3f¯σN
(1)
m − 3f¯∆N
(1)
m
−4(1− f¯σ − f¯∆)N
(1)
m (88)
2
δΓ(1)
Γ0
= −3f¯σN
(1)
m − 4f¯∆N
(1)
m
−4(1− f¯σ − f¯∆)N
(1)
m (89)
Solving the above equations, we find
N (1)m = −p∆
δΓ(1)
Γ0
(90)
N
(1)
6m = − 6 p∆
δΓ(1)
Γ0
, (91)
where the coefficients are defined by
p∆ ≡
2(ρ¯σ,0 + ρ¯∆,0 + ρ¯r,0)
3ρ¯σ,0 + 3ρ¯∆,0 + 4ρ¯r,0
(92)
6 p∆ ≡
2(ρ¯σ,0 + ρ¯∆,0 + ρ¯r,0)
3ρ¯σ,0 + 4ρ¯∆,0 + 4ρ¯r,0
. (93)
Therefore, the curvature perturbation created by the
modulation is
δN (1) ≡ N (1)m −N
(1)
6m
= (−p∆+ 6 p∆)
δΓ(1)
Γ0
≃ −p∆r∆
δΓ(1)
Γ0
, (94)
where the last approximation is valid when r∆ ≪ 1. Here
the coefficient is defined by
r∆ ≡
ρ¯∆,0
3ρ¯σ,0 + 3ρ¯∆,0 + 4ρ¯r,0
. (95)
B. Second order
We find for the second order perturbations
N (2)m = p∆
(
8−
7
2
(f¯σ + f¯∆)
)(
N (1)m
)2
−p∆
(
δΓ(1)
)2
+ Γ0δΓ
(2)
Γ20
(96)
N
(2)
6m = 6 p∆
(
8−
7
2
f¯σ
)(
N (1)m
)2
−6 p∆
(
δΓ(1)
)2
+ Γ0δΓ
(2)
Γ20
. (97)
Using the relations
N (1)m = −p∆
δΓ(1)
Γ0
=
p∆
p∆ − 6 p∆
δN (1) (98)
N
(1)
6m = −6 p∆
δΓ(1)
Γ0
=
6 p∆
p∆ − 6 p∆
δN (1), (99)
and the definition (56), we find
N (2)m =
[
p3∆(16− 7f¯σ − 7f¯∆)
2(p∆ − 6 p∆)
2
−
p∆(1 +A)
(p∆ − 6 p∆)
2
] (
δN (1)
)2
N
(2)
6m =
[
6 p3∆(16− 7f¯σ)
2(p∆ − 6 p∆)
2
−
6 p∆(1 +A)
(p∆ − 6 p∆)
2
](
δN (1)
)2
.(100)
Then, fNL is calculated from
fNL =
5
6
N
(2)
m −N
(2)
6m(
δN (1)
)2 . (101)
V. CONCLUSION AND DISCUSSION
The early Universe after inflation may have many com-
ponents labeled by the density ρi and each component
may have distinguishable scaling relation ρi ∝ a
ki . They
could be oscillations, topological defects, relativistic and
non-relativistic particles. If those components are de-
caying into radiation in the end, there could be a gen-
eration of the curvature perturbation. In this paper,
the mechanism of the modulated decay has been con-
sidered for the multi-component Universe. The conven-
tional “modulated reheating” scenario is realized in the
single-component Universe.
In this paper we found the basic formulation, which
is useful in calculating modulated decays in the multi-
component Universe. We have found useful results, in
which the non-Gaussianity parameter is separated into
A-dependent and A-independent terms. Here A is de-
termined by the form of Γ(ϕ) and the evolution function
g(ϕ∗). Interestingly, fNL may appear with either positive
or negative signs. We found that the component, whose
scaling is similar to the radiation (ki ∼ −4), will gener-
ate significant non-Gaussianity in the single-component
(conventional reheating) limit. In that way, the conven-
tional modulated reheating caused by the oscillation
may crucially depend on the amplitude at the decay. For
instance, consider the potential for the oscillations given
by
V (σ) ≃
1
2
m2σ2 +
λ4
4
σ4 +
λ6
6
ϕ6
M2p
. (102)
If the oscillations decay when ϕ6 is dominant, one will
find fNL < 0. If the oscillations decay when ϕ
4 is dom-
inant, one will find |fNL| ≫ 1, where the sign could be
9either positive or negative. The scaling of the density
changes during the oscillations. One will find conven-
tional result when the quadratic term is dominating. In
the intermediate region one may find the density scaling
ρσ ∝ a
−kσ , where (effectively) 3 ≤ kσ ≤ 6 is possible. As
the result, in the practical calculation the curvature per-
turbation and the non-Gaussianity may depend crucially
on the amplitude of the oscillations, even if the decay
occurs in the single-component Universe.
Note added: While finalizing this paper, we found a
couple of papers [25] which has some overlaps with our
models. In the appendix we are discussing the correspon-
dences between these works.
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Appendix A: Non-Linear formalism and the
curvaton mechanism
In this appendix, we first review the basics of the cur-
vaton mechanism in the light of the non-linear formalism,
and then compare our results with Ref.[25]. Notations in
Ref.[25] are discriminated using the subscripts “LT-A”,
when necessary.
The non-linear formalism in the curvaton mechanism
is given by the formula
ζσ = δN +
1
3
ln
(
ρσ
ρ¯σ
)
, (A1)
ζr = δN +
1
4
ln
(
ρr
ρ¯r
)
. (A2)
Here δN is the perturbation of N , which is measured be-
tween two hypersurfaces, which are usually the flat and
the uniform density hypersurfaces. Besides δN , we have
to define the other quantities (ρσ, ρr) and (ρ¯σ, ρ¯r). Those
quantities are defined on the uniform density hypersur-
face for which δN is defined.
We thus find for the uniform density hypersurfaceH =
HA;
ζσ,A = δNA(tA) +
1
3
ln
(
ρσ,A(x, tA)
ρ¯σ,A(tA)
)
, (A3)
ζr,A = δNA(tA) +
1
4
ln
(
ρr,A(x, tA)
ρ¯r,A(tA)
)
. (A4)
Solving these equations we find
ρσ,A = ρ¯σ,Ae
3(ζσ,A−δNA),
ρr,A = ρ¯r,Ae
4(ζr,A−δNA). (A5)
The trivial identity is
ρσ,A + ρr,A
ρ¯σ,A + ρ¯r,A
= 1, (A6)
where ρσ,A and ρr,A can be replaced using Eq.(A5). We
find the equation
f¯σ,Ae
3(ζσ,A−δNA) + (1− f¯σ,A)e
4(ζr,A−δNA) = 1,(A7)
where the ratio is defined by
f¯σ,A =
ρ¯σ,A
ρ¯σ,A + ρ¯r,A
. (A8)
We find at first order
δNA = rσ,Aζσ,A + (1− rσ,o)ζr,o
= δNA
+
rA
3
ln
(
ρσ,A
ρ¯σ,A
)
+
(1− rA)
4
ln
(
ρr,A
ρ¯r,A
)
.
(A9)
The trivial identity is
rA
3
ln
(
ρσ,A
ρ¯σ,A
)
+
(1 − rA)
4
ln
(
ρr,A
ρ¯r,A
)
= 0. (A10)
For the expansion δρi ≡ ρi− ρ¯i, the above equation gives
the obvious identity
δρσ,A + δρr,A = 0. (A11)
One may evaluate the non-linear formalism away from
H = HA. (See Fig.3.) Choosing another hypersurface
H = HB, one can evaluate a similar equation
δNB = rσ,Bζσ,B + (1 − rσ,B)ζr,B
= rσ,Bζσ,A + (1 − rσ,B)ζr,A, (A12)
where the constancy of the component perturbations
(ζi,A = ζi,B) has been used.
Note that δNcurv ≡ δNB − δNA gives the “evolution
of δN” between the two hypersurfaces HA and HB. We
thus find for rσ,B ≫ rσ,A:
δNcurv = (rσ,B − rσ,A)ζσ,A − (rσ,B − rσ,A)ζr,A
≃ rσ,B
[
δρσ,A
3ρ¯σ,A
]
. (A13)
Note that δNA does not appear in δNcurv because of the
obvious cancellation (see Fig.3).
If one defines HA at the beginning of the curvaton os-
cillation and HB at the decay, δNcurv gives the evolution
of the curvature perturbation in the conventional curva-
ton mechanism.
The conventional curvature perturbation generated by
the primordial inflation can be included as δNinf ≃ δNA.
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FIG. 3: Definitions of the component perturbations are il-
lustrated. For instance, ζσ,A ≡ δNA +
1
3
ln
(
ρσ,A
ρ¯σ,A
)
is defined
using δNA (measured from the flat hypersurfaces toH = HA),
ρσ,A and its mean value ρ¯σ,A (both are defined on H = HA).
1. Why difficult?
The formalism that can be applied for the modulation
at the end of the curvaton mechanism has already been
discussed by Enomoto-Kohri-Matsuda(EKM) in Ref.[12].
When the curvaton decay (ρσ decay) is modulated, the
non-linear formalism just after the decay (t = tE) can be
separated as
ζσ,E = δNE +
1
3
ln
(
ρσ,d
ρ¯σ
)
+
1
4
ln
(
ρσ,E
ρσ,d
)
= δNE +
1
3
ln
(
ρσ,E
ρ¯σ
)
+∆E
ζr,E = δNE +
1
4
ln
(
ρr,E
ρ¯r
)
, (A14)
where we defined
∆E ≡
1
12
ln
(
ρσ,d
ρσ,E
)
. (A15)
Here the subscript “E” means that the quantities are
evaluated at t = tE; ρσ,E(x, tE) is the inhomogeneous
density of the curvaton remnant (radiation density sepa-
rated from the total density of the radiation) and ρσ,d(x)
is the density when ρσ decays. We have chosen the or-
dering ρ¯σ ≥ ρσ,d ≥ ρσ,E just for simplicity.
Again, the trivial identity
ρσ,E + ρr,E
ρ¯σ + ρ¯r
=
H2E
H¯2
(A16)
gives
f¯σe
3(ζσ,E−δNE−∆E) + (1 − f¯σ)e
4(ζr−δNE) =
H2E
H¯2
.
(A17)
It is possible to identify HE ≡ Γ (and H¯ ≡ Γ0) to find
∆E ≡ 0 and ρσ,E = ρσ,d; however in that case δNE in the
above equation is not representing the curvature pertur-
bation (see below and the definitions of Ref.[25]). There-
fore it is difficult7 to calculate the perturbation related
to δΓ 6= 0. We thus need some tricks for the calculation.
At this moment we have two solutions; one is discussed
in this paper, and the other is discussed in Ref.[25] by two
groups. For instance, Langlois and Takahashi introduced
a new parameter δND to define
ζσ = δND +
1
3
ln
(
ρσ,d
ρ¯σ
)
, (A18)
where δND is, unlike the conventional non-linear for-
malism, not identified with the curvature perturbation ζ,
while ζσ is identical to the conventional component per-
turbation. These definitions are obviously strange when
they are compared with the normal definitions. Also, it
could be rather difficult to understand why the above def-
inition of ζσ is identical to the normal definition. In our
paper, we have introduced fundamental quanti-
ties Nm and N 6m defined in the separate Universe,
which can be used to calculate δN ≡ N 6m − Nm.
Note that our definitions are simply explaining
δN in the separate Universe hypothesis. Below, we
will take a closer look at these definitions.
2. Quantities defined in Ref.[25]
We are going to show obvious correspondences between
quantities defined in Ref.[25] and ours in Fig.2. Let us
consider the “simplest multi-component Universe” that
has been defined in this paper, which is the Universe
whose density consists of matter ρσ and radiation ρr.
This model is familiar among the conventional curvaton
models. The decay of the matter is therefore looks like
a curvaton decay. It is possible to calculate the mixed
(modulation-curvaton) perturbations when the curvaton
perturbations are not negligible, however in the main
part of this paper we have been focusing on the scenario
in which modulation is dominating the cosmological per-
turbation.
In Ref.[25], they have defined the non-linear formalism
ζσ = δND +
1
3
ln
(
ρσ(tD)
ρ¯σ
)
, (A19)
7 This is our personal impression. A reader might be able to find
more convincing way of calculation without using redefinitions
of the quantities. Another way of calculation can be found in
Ref.[22], in which the definitions of the quantities could be more
straight than the previous papers.
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FIG. 4: Unlike the conventional definition of the non-linear
formalism, component perturbations of ref.[25] are defined us-
ing ρσ on H = Γ and ρ¯σ on H = Γ¯. As a result, −
1
2
ln(1+ δΓ)
has to be subtracted from δND to get the conventional δN .
where the hypersurface defined by tD (H = Γ) is modu-
lated. In that case δND cannot represent the usual cur-
vature perturbation. (See Fig.4.)
In our formalism, these quantities are corresponding to
δND|(LT−A) ↔ δNini +Nm
ρσ(tD)|(LT−A) ↔ ρσ,Γ,m = ρσ,0e
−3Nm
ρ¯σ(t¯D)|(LT−A) ↔ ρ¯σ,0. (A20)
We thus find
ζσ|(LT−A) ↔ ζσ. (A21)
They also defined
(1 + δΓ)
2 ≡ Γ2/Γ¯2, (A22)
which gives the correspondence
(1 + δΓ)
2 ↔ e−4N 6m . (A23)
Finally, they have defined the post-decay curvature per-
turbation
ζ = δND +
1
2
ln(1 + δΓ), (A24)
which corresponds to
ζ|(LT−A) ↔ δNini +Nm −N 6m. (A25)
In our calculation the curvature perturbation generated
by the modulated decay is given by
δNmod ≡ Nm −N 6m. (A26)
Therefore, the correspondence is obvious between our cal-
culation and Ref.[25].
In finding the curvaton contribution they evaluated
ζ = ζr −
r
6
δΓ +
r
3
S, (A27)
where the first and the last terms are originally given by
ζr +
r
3
S = rζσ + (1− r)ζr ≡ δNini, (A28)
where δNini is defined previously in this paper. If the
curvaton hypothesis is valid and the component pertur-
bations are constant, one may evaluate the component
perturbation at H = Hosc as
ζσ = ζσ(tosc) = δNinf +
1
3
ln
ρσ(tosc)
ρ¯σ(tosc)
, (A29)
where δNinf denotes the curvature perturbation just at
the beginning of the oscillation. Substituting the com-
ponent perturbations (defined at Hosc) into the above
equation (A28), one will find
ζr +
r
3
S = rζσ(tosc) + (1− r)ζr(tosc)
= δNinf +
r
3
ln
ρσ(tosc)
ρ¯σ(tosc)
+
1− r
4
ln
ρr(tosc)
ρ¯r(tosc)
. (A30)
Although a deformation is needed, it is easy to find that
the result is consistent with Eq.(A13).
Using the above formula, they started perturbation
with regard to the perturbation of S. For instance, Lan-
glois and Takahashi considered for the “curvaton pertur-
bation”
S ≡ 3(ζσ − ζr) =
2σ
σ
−
δσ2
σ2
+
2
3
δσ3
σ3
, (A31)
and for the “inflaton perturbation”
ζr =
H
φ˙
δφ ≃ δNinf . (A32)
These definitions are based on the usual curvaton hy-
pothesis (i.e, valid when one can disregard δρr/ρr).
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